/4 \lie[om ‘(. Zﬁcﬁﬁx

A loebraci lopology buildls functrons” [aciua[[y Functors )
/ €g. grougs, 71r9s,
gﬁﬂo@m’ sﬂm—sg N g alpebracz fémfs,j} vector spices
Lontriucts maps a/yebmic naps

the maii pam’fk.r to show two topo[oyé::/ %aaces are ddteent

cg. MR" LR Fnaxm
'\‘ hOMeomar/Oh(é

/RB‘ @ ¢ [?3- CB)

but can use aly.top. - many ofher thuigs
) maps between spaces

. does a '911;63/1 space M embad 15 V7T

&g for what m does P embed wi R ¢
[ answen not hnown wi fe/:e/a/ /)

« can you hFt"a mop
2 giwen f:AB and TiE2[
does there emst F:ho6 st woF=F7
i
A B
this Mc[adéf 3 of sections of buscles

E
WI'YS
(Ui

83



* Fixed powmts of maps
eg. Brower fised porit theorem:
every mag D" D" has a hxed pt
2) Group actions

€9 Wheeh ﬁn‘zfe 9(00(/J5 aaf"#&ecf on Sn?

3) &mu,o z"/zéoxy
63 Erefy 5d5'7/0a/o of a ffee. 3/01,70:3 Free
[Fn, Eq] l:I not ﬁmf-cl}x ye,qe/a-{-go/ [n>!>
A\ free group raphk 7
4) Algebra
eq prove the ﬁmolamenm/ theorem of a«éeém
In this course we olevelop
1) Furdomental y/Duf m, [X)
ondl covering soaces
2) Homaloyy groups Hk (x) k=012, ..
3) lohoma/ojy ridg H*(x)= ® HR(x)

but before we start we will o/eve[o,o s0 (Mportfant (deas that
will be vsed theolghoud the course



O. Homotopy and CVW (ompleses

A. CW conz,g/exef

We o(eve[0p a/y. Top. for oll mpoloy(c'a,/ Pecey, but a

éoVIVEVII'eﬂf { and VEry [a/‘ye) clqgg 07[— spaces o sﬁ:(o/)/
are CW compleres

let D" cR” be the vt Ask
5712 3D" & bourelary
guen - Y aq topologecal space and

maps il be assymed to be
contiivous even ¢
F 5 not stated

'l’he S/oace. c»éfa:néc/ ﬁ’am Y b\/ aH-acéthg ay V\—ce,//
(wd o.) S

?_ Yl D
YUG D ] /}’XNQ[’C)} n—/
xES

e a: 8" Y 2 tontriuous map

Yu,D s j{«/@n the ?udﬁe}zf
topolegy

An m_cgmp_ﬁzr, or /\»olzw':emhong[ Q_V_/wmg/eg s o(efmed
ma(ucﬁf/e/y 177

a (-1) complex s &
an n—&omplpzx Xn ;5 ay 5/9449_ (7bz‘amea/ &bm ar
@—I)-(,om,o/&,r Xn 'by aH'ch.h:'nj ,,__w[g



X = A(Z X", where X" & an n-complex obtuined by
a#achmj n-cells & X"
the we sa; X & on e dwessmaal complex.
we say a CW complex s fcle o ot only mvolves a e
Number of- ce lls
the A-skelefon of X, s the vion X of all t-cells for 12k

Remarks:

1) C 14 CW stanlds fof closyre ﬁdtjﬁ Ona/()u;-{' mMeans the
closure of each cell is contmned (a4 the wnon of
A l‘fClL/ many cef[s

2D W in (W stands for weak jg@log;c anol means a set S
4 X & open € Sax*) speq for all k
(+his is automatee F X s fite dwieasiono( )

D (W complenes are Hausdortt spates (see Hatcher)

Exercsé: Show the product of CW tomplexes s a W/ cgmp/ex.

Examp/ej:

N l-dwm CW/ &om/lemﬁ’.f are ‘7mpbz5

) Svrfuces are CWcom/o/Exej



3) §7=e’ve” e an 1-cell

e’ e’

4) ﬂ?)@n= [ies 1 R

7 with amh'pooés lélemﬁ'ic[é/
D" with anh',wo(ej on D" Wleatifed

RP"™" with D" attached

\)

oppe’
ffem:ffilele
(v)
Sinte RF = [Fﬂ we see Mo(ucﬁi/e/y

+Aa’1_ IRPD’I: eouefvezd ...Ue’\

5 a CV—con;p/ex

Exe/rlsg' : Show d:/on s a CW com/o/e)c

n
&‘O = e"uezu ___u@zﬂ

5) (Smooth) momdolds are CW complexes (see Hacher)

a svbcomplex of a CW complex X « a closed svbipace AcX
that s a wtion ofF (ells v X

note A i a C)/com/oéx 100
{X,A) & Ca//@ola 6'4/ pmf‘

B H‘UMO'{‘OQ¥

A furdamental potion 1i algebrace fapology s homotepy
and homotopy 87(/1'/4/&%8



let X ardl ¥ be topolog iial spaces
tio maps 10,\7:)(—”’ are homotopil, f~q, f there s

a tonfpiuous map
&: XxJod ¢ (& 6 called a

st. £0)= Plxo) VYxeX homot‘qpy)
900z 206 1) ¥V xeX

REMa/kS: .
D) § gues a ﬁmz'éf of maps 4},5X"'9}/ where ﬁ(x\=f(x.f')

these maps are. “contrwous 1 t" i the seoce that &
[5 contwtious.
40 maps are L:omo{-qwé, o we can conhﬂmé/ detorm
one into the other
2) F AcX, then e say the %moz‘oﬁ from Ffvj (s
relatwé to A deavted £ 49, F 14 oddition to above

)

@ (x,8) = f(x) "9 ¥ xeA, ¢ €fo]
3) 1f AcX and Bcl’ then the nototion  7:(xA) =2 (1, B)
means FiX-=V & a mapg and +(A)C B
we say T (s G map of pas
o f,yi /X,A') = (5 B), then )%e}/ ae homo'fvpcé (as mags
of pm/'r) F Ja L@mofa/)y st Cach ¢ 5 a map of P‘?"G’

M‘ 7%/' aty spact X Gny mMap 76")(“720;/] % homofo,ozc'
fo the constaut- map j[x)::O

the homotopy 1S & i X x fo.] —2 Jo,(]
(. t) > () F



Exerusé: homofaﬂf 5 an equialence relaton on maps X—Y
let C(X.¥) = [ contwiveus maps X213

[xr1= CO6) ) —liomotopy
z fhomofopy classes of maps XY §

E Kamp/_éi:

1) -ﬁ)f‘ any X
L X fo ] = £ 9ta=of
2) -)cur any X

[(,X] = | path Components of XJ

one powt space
We call a space X powted & f has o “base povit” % €X
/ Just some preohosen fxec! pomi‘>

9\(/‘@/7 fwo /OOI/I"ffal %QC&S (X Xo), (}jyo)
[ X,Yl, = { homotopy classes of maps oA fm?f (X ts}) = (X,SV.S)}

(e,f' Yo be the north poé v the /:——spéefe 54
(1e. §7= vnct s/o/'l?./‘e_. W )RM'
\/°= [D,O, ...0,!_))
+the Aﬁ Aomm‘Qp;/VQ/vM o a [ﬂo"”'{&’/) Spac (Xﬂ%) u

Vo (X, %) =L5,Xx],

Hese qre all yroo}ﬂS aw/ we w:‘ll/ ;/en/ some time
5"‘“”1}’";7 a( X:’%) which s also c,a/éo( the ﬁ%m@m‘u/ ;ZM,Q_

szgho;\: For what T s Lyx], \\na,-lu/‘a”)/"a grouy for all X7
Fr what [ s [XY] “uatucall “a group for all X7




Nnote : jwén a map 7[\: X,-’> XZ {«he/e “ o nm‘ufa/ 7[;446‘@/1
FoillYx] =207 %]: g o

and
,}C"‘.'[X,_)Yj —)[XU r] :9:———35070

(P/vmc.')é(f(‘ Compese Lzomofb//\/ with 7C)
M Vaturel g 7V6.5ﬁ0’l abore means fﬂ’ résp 'F*) “ a hOMDmr/oh[{m

We say £:X7V & the homotopy 1ivesse of
3!Y—BX oF ‘F"j”ialy andl 707[’“[0';
F g: Yo X has a homotopy 1nerse then we 27 g 5 Q homm‘v,){)/

_equ/ﬁ/a/eme and we say X and ¥ gre Aomoiv’p'y e?uc‘uaé»z"

or have the same hOMOfvfg Me. and write XV

€; rerclsé: ﬂf)’ & an e?wi/a/ence_ mlaﬁén

/emm i = ‘\
The 'Fo”OWlhj are azutva[emf

) X =Y
2) for any fpace 2 there & a one-to-ode wrméoom(eace
¢,: Lx2]=Lx2]
such ¢hat for a// contrinous meos h:iz—2'
$
[x2]—>/[v 2]
‘th ° l L\., (oomm'/ﬁ‘—’.f)
[x21 %5 [ 2]




3) 7Q>f any S/Q(e Z there 5 q ove-tfo-one (o//@,awé/ue
9> L2 x]-[2.]
svch Hhat for all contmaous h:zZ 22

2

]2 x] *, J2'v]
‘Lh¥ o ‘LL\‘

o?
[2,X] > [2 Y

Proof: Exercise P

RCW/A’ 50 ftwo Spaces are homoﬁ;ﬂy eyuﬁza/em‘ L# /w’mm‘v,ﬂ)z olaf;’@;
of maps fo and from the spaces are “naterally eguwalnt-”

0) i X and  are homeomorphil, thea they are homotopy
e?uu/a/ewf.

) o X=s' Aomoﬁp/}/ 87(/(7/0:./9/1% o Y= $'xron]
ndeed ;1 FiI XY :x—KO

X d
el
note: gof =y

fﬂj vw/y by 4,{; Y= (x,s)— (x,£5)

z) A space X 5 called mﬁé@ F ot has the Aomm‘a// fype of
a pa/ni‘f

eg. ﬂn’—“f*f (exercize)



3) F AcX thea o retractzon S a map r: XA svch that rx)=x e A
a deformation retecton of X to A & a homotopy  rel 4, from
the w‘/em‘n‘y on X o o retracton:

g XX telod]
¢, () =% V xeX
$(X)c A

b=x Vxeh adt

note: If X deformation retructs o A thea X =A
wideed let
. 47,‘, be Aomm‘olay above
« A DX the tneluaston map

thean 1 and ¢ are hamafo,y NVe/ses
Sirice CPl’Y.=ld.IA and 1o<[>':+l~¢f;:lo'lx

j\(/cm spaces K ¥ and i X x[ou]
a map Fix—2Y , £x)

the mapping _C_;L[I_/Ldgf Me s @ N
v

M, = (X xLe.1) AL ;//N

where (x 1)~ )

aote: M, deformaton retruits to U r
. ~ &, )€ Xxlo, (] — (x,0-t)s+t) € Xx[o,]
mdeed ¢£ el iy et

molucgs maps & MeoMp  SE 4’0:“7,«(
¢ (M) cY
¢, [y)=y vy €¥



{’oh)} M‘F x

theve are obvious wcluscons 7:X— Mg : =t (%,0)

J! Y"7M;2yl—-?y () has homotets

nvesse ¢ )

f Y _
nNow x / 18 J a/g,l )of~1

P My

Any qu 15 an lric/u;m'ﬂ U,sz) /mmofa@/

examples e e
%“""{rlz:'} et X= 34 {

let Y= purple curves
O—0O
let f:x-=Y gwen by fo//awzr)j lines 1 pifuve
note ¢ ¢ homeomo/phz'& to My
S50 2=

@' d

50 Y, = }/,_"‘ E cveu ‘l’ﬁlauy[q ¥ s not clear
what the haMofo/oy e_q(/u/a[e/lée (s l

5Im l'/a//y

Two critera 1o homofo// %qu/eyzce

i (KA) 3 a CW par, and Ais contructible

/emma 2 .
then X = X/q e— o /{apfe A to ,oon:n‘ ‘{




EKarqﬂés
:)Xajmph | B }X/Aﬁ:x
A = any edge connectig dichact verties

0 any tonnected ym,oh I3 homam//
€7t/lf/a@n7" o o L,/Ea/?e 01[- creles

ii 7 X/A % s'vs'v. vs'

Max Mal

e
e

z S/ales

lden “F IC

32’55V5




/emmaz’
le'f' éﬁA) 193 a CIA/,OJU/-‘ {
—Flg A DY homotpecc maps

Thea X UY =XoY

example: y A <J ,
B AREN 7) e .

F:a-oY ma,o/]--l-oe?t/ab/'

9t A Y constant— map
exercse fc—.‘?
o XyrERGY '
xgjf

Xuff

\\]

7o prove both le wma s we need the /zomofopl exteatzon p/vﬂe/z‘y
(HEP)
A space Kand a svhspace A <K has vhe HEP ¥
whenever we have o map F,:X— Y
and @ laomm‘opy ,/;:A-aY of »fosﬁ/A
thea we can extend the f. to F_f-'Xﬁ '

lemma t: — _
M paw (K.A) has the HEP © (eroi)vé\xfo,d)l& a re'l'rac{'of\)(x[a

P’W’F (&) we assvme A G closecd (not nec. but wakes proof easter and
gwen the setact i Xxo, -2 (X fo})u @,‘[M) ?fﬁ;gf:ao.mfg)s

and any map /';fX%’V ard homotepy fiAY of ‘E,’E/A

note this dehres @ map  F:kxfolo(Axoud) 2 Y



F G contrnuous swe A s closed
now ForiXxf]—¥ i the desied homotopy [
(=) Consiter the dleatsity wmap F: Xxbojo Axton) — Xxfo}u AxJo, (]
thi ques foi K >KsbloAsod by F

and ,,l'f 'A = Xxfo}v Axfol] L/ 1’.'{ = F/A
so HEP= A F 1 X— Kxlo}v Axfad

:f{-}
the Fe give @ map  : Xxlou] = XeloJv Axlo,]
(xt) > F 0

Hhat ¢ clea//y a vetractzen 2

/emma 5 1
[ (KA is a CW pawr then Xxfo}vAxied) & a loleformation)

retract of X xlo.]
ln partituler, (KA) has the HE P

Mawi pouit: for any dish D thee & a deformation
retractzon O'F anfﬂ‘lj 1° an fod v DD"K)’MJ
2

PLilet D' R'= R'xfo3 <R™
50 D xlo ] c R™T m
le¢ p=(0,0,.,0,2
911;&4 x e D"xfo0,t] let L, = lme vaou'yh X andt p
and set 7= L0 (D"efp) v 9D4xfo,1])

Um?lre /ﬂotw-f‘ [
clear V& a4 pebraction
a/\d /:é = 'f'f +a‘+> IJanfaql]

($ a o@cofmah‘om fef?"ac{?o-n Y




we debne r on XV xled—2 (Xxfo))v(Axlel) as follows
F a vestexr D° c A then let rbe e dowtrty ov D 'x (o]
4 D°& A, then let v send any gont Dxfo 1] #o
D’ i X xfo]

NOw Mduchi/e/y assyme we bhove detned r on e (b-1) skelefon
D‘F X, that s Xo(-l)"[o«lj'_? XX[OJUA)Cfo,ll

breach k-cell DR of K
d DR c A Hen let r be the Wentby map on Dxlo.]
F D* s not o cell i A then note D" xio ] = Xk fo,0]
where r 3 a//E’ao/y defmed!

N 1"
and ve have an rclvsion

) = )
D”;ﬁ? Xé )Vpg I)D.',/(freDl)")«av(x)os)(&"'J

J
whee a0 = x4 % the o #rachurg

mag for D7 |
s0 we hove a m9p D" (o] Y5 x x{d)
12 r & detred on (D"x[o]) U(Bp"x[a, (_7)
50 compoflh7 7 above wibh the above maas ey ot
r over D' x[a1]
and gve/tfm//y ell of X(n)fff/ﬂ -

Proot- o'F lepma 2.: A&fua//\/ wve show for any /)m/"/X,A) satis 6//'/17
HEP with A contruchble, the grotiont map

2t X X i a homotery 67uu“/a,le/ue

for this note there ahmompy foiADAcX st £-d,
nete -{:= f/A vhere F =y { = tonstant map



so HEP 7[|/éj a Aomofp/a)/ I';’)(—?K mjmj .Ff_

Sihce F (AYCA for all t we get maps F: % — "

F
X —5 x

¢ o |F

a/go F, (A)=,a'{' 50 F, also j‘wts a map b!% — X

X X

%j/l

—_— X/A

you ctan 8a517)/ chec k lno;.= F and 7_°la=?‘;

Lut now A"}:Fl- ~F=i X

70’/\: ,”F =£Jx/pf @

P/‘omC 01[ /emma 3:
Recall we have (X4) and maps 'F,yiA-?Y
that- are homotop.l
let Fi:Ax[ol) =7 be the meoz‘apy
now let Mg = Xxio 1.y

Claim MF detormatzon vebn(ts o XU,r‘( and X%V

L Xy = XY, I
9 X=lo, ! Y=D
From lermma 5 e have a A=fof ,
o[eﬁfmafzbn retru ctzon of Cy% b*
Xxfo) o XefoJuAhx Jo,1] / Axlou] \

exercese: (X xfo] v A xfo lJ) v Y
et (1, |

XU-FY



gwen this we see the above oleformation retraction
woluces a deformation retraction of Mg to X”f 4

P/‘omC cnc /emm 5 also 5/;ov5 X xfo,0) o(e{orma‘ﬂon retracs
onfo X xft) v Arfo.]
exercié: (Xxijvax@d) g ¥ = Xo ¥

s0 as above Mg = X%VE



