
↑gebraictopology

Algebraic Topologybuilds functions"(actuallyfunctors (

↓
eg. groups, rings,

3 Topological spaces, 3 => algebraic.thingsare
vector spaces

continuous maps

The mainpoint isto show two topological spaces are different

e.g. IR" (RY ifn *m
↑ homeomorphic

(R3 - () (R' - 48)

but can use alg. top, for many other things
1) maps between spaces

· does a given space Membed inN?

e.g. for whatm does (RP"embed inRM?

lanswer notknown ingeneral!
· can you "lift"a map?

2.2. given f: A-B and NiE -> B

does there exist F: A -Est. NoF=f?

I
.....

-
- Fπ
O

f
A-B

thisincludes ofsections of bundles
E

4-s



• Fixed points of maps

eg . Brower fixed point theorem :

every map D2→D2 has a fixed pt

2) Group actions

eg Which finite groups act freely on S
" ?

3) Group theory

eg Every subgroup of a free group Is free

[Fn
, Fn ] Is not finitely generated (n > 1)
T free group rank n

4) Algebra
eg prove the fundamental theorem

of algebra

In this course we develop

1) fundamental group a, IX
)

and covering spaces

2) Homology groups Hklx) k=0
, 1,2, ...

3) Cohomology ring H
*

(x) = to Hk (×)

but before we start we will develop so important ideas that
will be used throughout the course



O
. Homotopy and CW Complexes

A.

Cwcomplexeswe
develop alg . top. for all topological spaces , but a
convenient 1and very large) class of spaces to study
are CW complexes

let Dnc IR
"
be the unit disk

Sn
' '
= 2Dn Its boundary

given • Y a topological space and maps will be assumed to be
d continuous even it

• a :S
" ' '
→ Y a continuous Map it Is not stated

the space obtained from Y by attachingatn.ee#
(via) Is

Y uaD
"

=
Y ±D%×~aC×D×egnt

€€m,Y "

uatopnoiosggiren
the quaint

Anhtm,
orredmondLWcomplete is defined

inductively by
a l- l ) complex Is 0

an n- complex X
"

Is any space obtained from an

n - 1

G-1) - complex X by attaching n -cells



if X = Pfoxn , where X
"

Is an n - complex obtained by

attaching n- cells to X
""

the we say X Is an inhaledimensional oomph

we say a
CW complex Isfind

it it only involves a finite

number of cells

the k-skele.tt of X
,
Is the union X

" )
of all 2-cells for 2£ k

Remarks
:

÷
) C in CW stands for closerfinite and just means theclosureof each cell Is contained in the union of

finitely many cells

2) W in CW stands for weaktopology and means a set S
in X is open # Snx

")
open for all k

lthis Is automatic it X is finite dimensional )

3) CW complexes are Hausdortf spaces (see Hatcher)

Exercise: Show the product of CW complexes Is a CW complex .

types:

i ) 1 - dim CW complexes are graphs
2) Surfaces are CW complexes

a ( •

27 r
,

• • identify
. a
#qE¥O÷i•

•

5 a

• ((( •



3) Sn = even ei an n - cell

•

€I e
"

•

e° co

4) IRP
"

= lines in pint '

= S
"

with antipodes identified

= D
"

with antipodes on 2Dn identified

€÷
= IRP

" "
with D

"

attached

µ
ermisphere

since IRPO= {pt3 we see

inductively
that IRP

"
= e°ue'vet

. .
.ve

"

Is a CW-complex

Exercised : Show EP
"

Is a CW complex

EP
"

= e°ue2u
. .

.ue2"

5) ( Smooth) manifolds are CW complexes (see Hatcher)

a subcompact of a CW complex X is a closed subspace ACX

that Is a union of cells in X

note A is a CW complex too

IX. A) Is called a

CWpairB
Homotopy
A fundamental notion in algebraic topology Is homotopy
and homotopy equivalence



let X and Y be topological spaces
two maps f.g :X→ Y are homotopy , f

-

g, if there is

a continuous map

E : Xx [o. B→ Y ( E is called a

St
.
fix = Elko) H x ex k¥4 )

gcxl = Ecx. D H x EX

Remarks .
-

i ) E gives a family of maps lot :X→ Y where total -Elx. t)

these maps are
"

continuous in t
' '

in
' the seance that E

is continuous
.

somapsarehomotopicitwecancontmuouslydeform|onemtotheothe#
2) if AcX

,
then we say the homotopy from f tog is

relatively
,
denoted f rag , it in addition to above

E (x , t) = fix) -gCx) tf x c- A
,
t C- [oil ]

3) if A c X and B c Y
,
then the notation f:(X. At → (Y, B)

means f :X-7 Y cj a map and f-CA ) CB

we say f is a

mapofpairsiff
, g : (X.At → (Y, B) , then they are homotopic fas maps
of pairs) if I a homotopy set

.

each lot is a map of pairs

Example : for any space X any map f :X
→ Eo. it is homotopic

to the constant map gcxl = 0

the homotopy is E : X x so, it→ go , if

X.t) 1-34- t) f-Cx)



Exercise: homotopy is an equivalence relation on maps X
→ Y

let ClX. Y) = I continuous maps X → Y}

[ x. Y] = C CXY)In←homotopy

= Ihomotopy classes of maps X→ Y}

Exampled:
i ) for any X

[ X
,
Eo, is] = {gun --o}

2) for any X

UH
,
X ] = I path components of X }

T
one point space

We call a space X pointed it it has a
" base point

"

xo EX

I just some pre chosen fixed point)

given two pointed spaces (X. xo ), CY, yo)

[ X. Y]o= {homotopy classes of maps of pairs (X. Exo)) → IX, Hos) }

let yo be the north pole in
' the n- sphere S

"

(re. S
"
= one't sphere in IR

""

Yo = I0,0, . .. o, I) )

the nthhomotopyg.ru# of a (pointed) space (X, xo) is
in Cx

,
xD = [ s

"

,
X]
.

these are all groups and we will spend some time

studying T.lk x.) which is also called the fundamentalgroups
H - space

Luesteon:Forwhat Y is [Y
,No

"

naturally
"

a group for all
X ?
It
'
- space

For what Y is [X. YTo "

naturally
"

a group for all X ?



note : given a map f : X.→ Xz there is a natural function

f-
*
:[ Y
,
X1
,
→ EY

,
K) : gn fog

and
f-* :[ Xa

,

Y] → [ X
, ,
Y) : gtg of

(Proof : just compose homotopy with f)

Rmd: Natural in
'

question above means f-
* , resp f

't

,

is a homomorphism

we say f :X
→ Y is the homotopy inverse of

g : Y→ x it fog - icty and got~ if
it g : Tex has a homotopy inverse then we say g is a homotopy

equivalence and we say X and Y are homotopy equivalent
or have the same hpy type and write X e Y

Eierccse : This is an equivalence relation

lemmat:#
The following are equivalent

i ) X = Y

2) for any space Z there is a one- to - one correspondence
Gz :[X, Z ]→ [ Y. Z]\ """

i:÷÷÷:÷÷:÷:
"I

[ x
,
't
'] LY

.
Z
']



3) for any space Z there isa one-to-one correspondence

of :[Z,×]→[ZYT\
www.t.hn#myggsni

t→ t
' \th

't °

th
'tyt\[Z,X]→[ZiY]#

Proof : Exercise
#

Remarks. So two spaces are homotopy equivalent if homotopy classes
of maps to and from the spaces are

"naturally equivalent "

Examples .=
0 ) it X and Y are homeomorphic , then they are homotopy

equivalent.

1 ) X = 5
'

is homotepy equivalent to Y= S
'×[oil ]

indeed : f : X → Y : xi→(×, o)

giY→x :cx. s

)i→×€ ¥@
note : gof

= idx

fog ~ idy by Of : Y→ Y : Ix ,
5)

it ( x. ts)

2) A space X is called contractible it it has the homotopy type of

a point.

e.g .

IR
"

={*} (exercise)



3) if ACX then a retraction is a map r :X-7A such that next x theA

a deformation retraction of X to A is a homotopy ,
rel A

,
from

the identity on X to a retraction :

Pt : X → X te Loi]

loolx) - x H x EX

4. IX)CA

4th) - X H x c- A and t

note: tf X deformation retracts to A then X=A

indeed let

• lot be homotopy above

• i : A → X the inclusion map

then i and 0
,
are homotopy inverses

since 4,02
'

= I 'dA and 1001
,
-4

,
~ 40=1 'd×

given spaces X. Y and Had

a map f :X
→ Y

Hx)

the mapping cylinder Mf is €1
, y

Mfs (Xxcoil)1% @

where (x
,
D - fix) ④(µ

note : Mf deformation retracts to Y

indeed GI :
⇐ s) C-Xxlo . Bt 6,4- Hs -it) C- Xx go, D

ye Y my E Y

induces maps off : Mf →Mf St
. QE ''dMf
10
,
Imf) CY

ft ly) -- y Vy EY



thus Mf =Y

there are obvious inclusions i.X->My.xH(x,0)
5:Y->Mf:y-y (c has homotopy

fY
inverse a

-

now X
->

IS f and jofi
->
j Mf

sogan:Anymap is an inclusion upto homotopy

letX =3 green circlesexamplesofD ⑳
letY=purple curves

o-0

letfix- Y, given byfollowinglines inpicture
note Zishomeomorphic to M

so z
=Y,

similarly
↓/

Y2 ↓"s
⑳ I

z=Yz zzY3

So Y==Ys even though itis notclear
what the homotopyequivalence is!

Two criteriafor homotopyequivalence

nisaCwpair,andAiscontractissee



example
1) X a graph
A = any edge connecting distinct vertices } YA = X
so any connected graph is homotopy

equivalent to a wedge of circles

×¥¥k÷÷ .

" : ÷
(X, xo ) v CY, yo)

= X I YI
Ho- Yo)

"

"

*. =
. sina.en.e.ie.

MB = I 5v s
'

MA ' X = MB

3)
re

-

Haha!
"IA
,

'

'k



temmafetcyalbeacwr.at#f
, g : A → Y homotopic maps\ Then XUFY = XUGY

,#

•
ling

example :
-

y
X - D

"

A - 3D
"

×

init

Ys s
"

f : A → Y map A to equator

g : A → Y constant map

exercise: f re g

so XufY=XugY
=

X Uf Y X Ug Y

To prove both lemmas we need the hpyexn property
(HEP )

A space X and a subspace Ac X has the HIP it
whenever we have a map to :X

→ Y

and a homotopy ft : A → Y of fo -- Fola
then we can extend the ft to Ft :X→ Y

lemmaht:

#A pair (X . A ) has the HEP ⇐ (Xx {03)uftxlo,D) is a retract of Xx laid-
see Hatcher for general case

Proof: ⇐) we assume A is closed (not nee. but makes proof easier and
most examplesgiven the retract r : xxlab -74×104 HEAD) satisfy this )

and any map to :X-74 and homotopy ft : A- → Y of fo-
- Fola

note this defines a map F:(xxlobuftxlo.is)→ Y



F is continuous since A is closed

now For :XHad → Y is the desired homotopy

(⇒) Consider the identity map F :

Xxlolu
Axon)→ Xx lol u Axco. is

this gives Fo :X→XxloluAvoid by FI
x

and ft : A →Xxlolu Axford by ft - Flag+3
so HEP⇒ I Ft : X→
Xx

lol u Ahead

the Ft give a map r : xxlo.is → xxlo3uaxlo.is

Exit) 1-3 Ecxl

that is clearly a retraction#

kmma#flX,A)isaCWpair,thenXxlo3uAxEoMisaldeformatwiretract of X Ho .D\ In particular, HA ) has the HEP ---
Proof:

Meipoet
: for any dish D

"
there is a deformation

retraction of D
"

x fool] to Dmx

10343,15×10
. D

PI : let D
"

c IR
"
-

- IR
"

x 63 a IR
""

4-so 15×10
.D c IR

" " I
let p= I0,0, . . , o, 2)

.
.

given x E D
"

x Soil] let l×= line through x and p
and setTCH= ex A45×63U 215×10.13)

unique point !

clear

F
is a retraction Ineed to check continuous

andFt=trta- t) Id ,j×[o, , , exercise)

is a deformation retraction,



we defineon XPx(0.1] -(Xx903) u (AX(0.13) as follows

if a vertexDoCA, then let r be the identityon D'x(a, is

if DOXA, then leta send any pointinDox20.1] to

DO inXx90]

now inductivelyassume we have defined on the (R-1) skeleton

ofX, thatis X(h-1x(0.1) -> Xx(03vAx(0.1]

for eachk-cell DK ofX

If D cAthen let be the identifymap on D"x [0.1]

If Dis nota cell inthen note GDx(0,1 + X(k - 1)x [0,1]

where isalreadydefined

and we have an "inclusion"

x"I,y(n
-1puz,X(-)uDyxt)p") - a(x)eX(- 1)
->

1

where ap"-x*-i) isthe attaching
map for DU

so we have a map Dxlo?
-xx/03

her isdefined on (p
"
x (03) v(GD"x(0,1])

so composing above with the above maps extends
rove, D" x(0, 1]

and eventuallyall ofXM)x(0.1] #

roofof lemma:Actuallywe show for anypair (X,A) satisfying
HEP with Acontractible, the quotient map

g:X-X/Ais a homotopyequivalence

for this note there is
a

homotopy ff:A -A c Xst. f = idA
note fo:Fowhere Fo=idx f=constantmap



so HEP gives a homotopyFix ->xextendingof

Since F(A) CAfor all we getmaps FG: *(A-> */A

X E, X

qi,
also F, (A) =pt so F, also gives a map hi YA -> X

X cX

2!-(a
X(AFX/A

you can easilycheck hog:F, and goh =F,

butnow hog =F, Fo =1d
qoh =E, rE =idX/A#

-roflemma 3:

Recall we have (X.A) and maps fig:A +Y
thatare homotopic

letF:Ax(0.1) -> Y be the homotop
now letMF=xx(0.1]uY

LaimMrdeformationretracts to XUIYand XUgY
:XV, Y

=XVgY
29. X=[0,1] Y=P2

from lemma 5 we have a A =(0).

deformation retractionof

x
*F!,1xXx(0.1] to Xx(3vAx[0.1]

-xercise: (Xx(0)uAx(0,1))uY & :11S ⑧
Xvy Y



given this we see the above deformation
retraction

iriduces a deformation retraction ofMFtoXVI

Proof of lemmas also shows Xx(0.1] deformation retracts

ontoXxS1]0A x(0.1]

Exercise: (Xx(1)uAx(a,1))yT =XugY

so as above MF=XyY#


